We generalize here our general procedure for constructing constant curvature maps of 2-spheres into Grassmannian manifolds G(m, n) this time concentrating our attention on maps which are non-holomorphic. We present some expressions describing these solutions in the general case and discuss how to use these results to construct solutions of constant curvature. We also discuss possible values of this constant curvature.
Introduction
Recently, we have presented an expression for the Gaussian curvature of holomorphic immersions into complex Grassmannian manifolds G(m, n) [1] . In this case G(m, n) was described by a n × m complex matrix field Z which satisfied
where I m is the m×m unit matrix and as usual the symbol † denotes Hermitian conjugation.
We parametrized the Z matrix in the following way. We introducedZ a holomorphic n×m matrix obtained from a set of linearly independent holomorphic vector fields f 1 , . . . , f m andL a m × m matrix such that:
Such a parametrization can be called orthogonalised as it involves Z that was obtained by orthogonalising the set {f 1 , · · · , f m }. Then due to (1) we have defined a new matrixM as:
Next we have showed that the Lagrangian density L of this holomorphic immersion is given by
where the partial derivatives (∂ ± = ∂ x± ) are taken with respect to complex coordinates x ± . The associated curvature of this immersion is [2] 
Thus we see that the discussion of determining admissible constant curvature holomorphic solutions of Grassmannian manifolds G(m, n) has been reduced to having to find all possible holomorphic matricesZ and the corresponding curvatures that satisfy
where the positive integer r is related to the curvature by K = 4 r .
In our previous paper [1] , we have also conjectured that, for m fixed, holomorphic solutions with constant curvature in G(m, n) can be constructed for all integer values of r such that 1 ≤ r ≤ r h,max (m, n) = m(n − m).
In this paper, we go further and look at other solutions of the Grassmannian model, the ones which are non-holomorphic. Thus we considerZ that is not constructed out of holomorphic vectors and for which the simplified formula (4) is no longer valid. There are several papers in which some such solutions have already been studied. Some early papers are explicit in the construction of these solutions [3] , some more recent ones [4] are more general but less explicit. Our discussion, presented in this paper, provides explicit formulae for some of these solutions. In this discussion we concentrate our attention on solutions of constant curvature. In our approach we rely heavily on Veronese curves and we show that the admissible values of r in the expression (7) of the curvature follow an explicit rule and that they are all greater than r h,max (m, n), the maximal value for the holomorphic case, as given in (8) .
Section 2 presents a general discussion of solutions of the Grassmannian models. In it, first we look at the simplest model, namely G(1, n) = CP n−1 , and, for completeness, we recall the general construction of all solutions of this model. We also discuss some of their properties. These results are then used in Section 3 in which we look at solutions of more complicated Grassmannian models. First we demonstrate which properties of the CP n−1 solutions generalise to these models and then show how our approach can be used to classify all solutions of constant curvature. Section 4 illustrates possible values of the curvature and some solutions for some Grassmannian models.
We finish the paper with a short summary of our main results and some conclusions.
2 Grassmannian models
General discussion
General maps of S 2 into a Grassmannian manifold G(m, n), n > m are given by n × m complex matrix valued fields Z subject to the constraint (1) . Under global V ∈ U (n) and local U ∈ U (m) transformations these maps transform as
Minimal immersions are obtained by minimizing the Lagrangian:
Here, x ± = x ± iy are local coordinates in R 2 . The shift from R 2 to S 2 will be performed by choosing a compactification of R 2 as discussed below. The Lagrangian density L is given by
where D ± denote covariant derivatives acting on Z : R 2 → G(m, n) and are defined by
The Euler-Lagrange equation corresponding to (11) takes the form:
As we are interested in the maps of S 2 into the Grassmannians we have to compactify R 2 . This we do by adding a point at ∞ and this requirement 'chooses' for us the boundary conditions:
sufficiently fast so that the total Lagrangian S is finite. Then our maps are maps of 2-spheres into the Grassmannians with appropriate topological properties (see i.e.
3 ).
Classical Solutions
A construction of a large class of classical solutions of the Grassmannian models G(m, n), which are of course minimal immersions of S 2 , is well known (see e.g. [5] ). This construction gives all solutions in the G(1, n) case. For G(m, n) with m > 1, the situation is less clear but most (if not all) solutions can be constructed using the approach discussed in [5] . In any case, only such solutions have so far been looked at in any detail and in this paper we restrict our attention to using them and studying their properties.
A possible way to find these solutions is to start with a set of holomorphic vectors f 1 , · · · , f k (i.e. functions of x + ). Here k can be any integer up to n − 1 (note that n > m). Then one considers another set obtained from this set by taking derivatives i.e.
+ f k and so on. Next one constructs a matrix whose columns are the first set, then the next one and so on. Finally, we Gram-Schmidt orthogonalise all these vectors.
Next we note that we can take any set of m vectors from these orthogonalised vectors and construct from them our matrixZ. This matrix Z can be shown to solve the EulerLagrange equation and so defines a solution of the Grassmannian model G(m, n). If the original vectors f 1 , · · · f k are all polynomial in x + then this solution describes an immersion of S 2 into G(m, n). Let us mention here a few classes of solutions derived this way:
• We take m holomorphic polynomial vectors (i.e. k = m). In this case we have a holomorphic solution. An example of such a case has been given in [6] .
• We start with one function (f ) only (i.e. k=1). Then our construction will be equivalent to defining the operator P + as
and then applying it up to n − 1 times to f and to the new vectors obtained from it, i.e.
A solution of the Grassmannian model G(m, n) then involves taking for Z any m vectors from the orthonormalized set (
). Note that if we take the first m of them the solution is holomorphic. And if we take the last m of them the solution is antiholomorphic. But we can take any m of them, say, (
Then the solution will be called non-holomorphic.
In fact there are many more solutions than those described by our procedure given above. Thus we could 'miss out' some vectors from our original set or interchange them. In such cases, there are some conditions that the vectors have to satisfy in order that the final matrix Z solves the Euler-Lagrange equation. The interested reader can find the discussion of these conditions in the original papers and in [5] where these papers have been referenced. Here we will restrict our attention to the cases mentioned above.
Special case
In this case the field Z is a (n × 1) matrix and any solution of the Euler-Lagrange equation is given by
for some i = 0, · · · , n − 1 and some holomorphic vector f . For the map to be from S 2 and not R 2 the components of the vector f have to be ratios of polynomials in x + [5] . In fact, due to the invariance (9) they can be given by polynomials in x + .
Of these solutions those corresponding to i = 0 are holomorphic, those corresponding to i = n − 1 are anti-holomorphic and the remaining ones are 'mixed' (also called nonholomorphic in this paper).
Consider now one of these solutions, say, corresponding to a general i for i = 0 and i = n − 1. Then its Lagrangian density is given by [5] 
Let us note that
which, of course, is due to its topological nature. Hence its easy to verify that
Note that, in the holomorphic case (i = 0), we have
Moreover, a few lines of algebra then shows that this expression is much simpler if we use the formulation involving 'wedge products'; namely we note that
where ∼ differs from = by an overall factor (up to irrelevant constants)
To go further, we need to calculate
This, as it is easy to check, is the product of determinants M i+1 and M i , where
However, this is exactly what we need for rewriting L in a simple way. Using the expressions above it becomes
Thus we see that taking i = 0, we retrieve the holomorphic case (21). Next consider constant curvature solutions. This implies that we require to have
in which case the corresponding curvature K is given by K(Z i ) = 4 ri(1,n) . In the following, we determine all possible values of r i (1, n), where the label i is related to the label of the solutions Z i and (1, n) refers to the G(1, n) model. We already know that the only holomorphic solutions with constant curvature in G(1, n) = CP n−1 are the Veronese minimal spheres [2, 5] .
Let us next show that, using the projector formalism, it is easy to determine all the possible values of the corresponding curvatures for non-holomorphic solutions.
Starting from the holomorphic Veronese curve f (n) : S 2 → CP n−1 :
with constant curvature K(Z i ) = 4 n−1 , we get a set of linearly independent solutions given by {
, i = 0, . . . , n − 1} following the procedure described above. To this set corresponds a set of orthogonal projectors P i (f (n) ) defined as follows:
We have shown in [7] that, for each solution in this set, the curvature K(Z i ) is related to the following quantity
This formula may be easily recovered from the expression of L(Z i ) given in (20) using the fact that
We see that r 0 (1, n) = r n−1 (1, n) = n − 1. This is the minimal value of r i (1, n) in the set and it corresponds to the largest constant curvature K = 4 n−1 for the holomorphic and anti-holomorphic solutions. We also have
which implies that among the projectors of the set only 'a half of them' give rise to different curvatures. More precisely, for n = 2p we consider only the projectors P i (f (n) ) with i = 1, . . . , p − 1, while for n = 2p + 1, we take i = 1, . . . , p for non equivalent non-holomorphic solutions.
Let us note that for non equivalent solutions, we have
which was deduced from
We thus get a higher bound for the values of r which is obtained as
Finally, it is easy to show that, for p, q ∈ N and q < p,
This result relates non-holomorphic solutions of constant curvature to a holomorphic solution of a higher dimensional Grassmannian G(1, N ) (for N > n).
Let us illustrate these results by some explicit examples:
• For CP 2 (n = 3), we get only one non-holomorphic solution corresponding to P 1 (f (3) ) for which r 1 (1, 3) = 4 (the same value as for P 0 (f (5) )). Let us recall that holomorphic solutions are obtained for r = 1, 2.
• For CP 3 (n = 4), we get one non-holomorphic solution corresponding to P 1 (f (4) ) for which r 1 (1, 4) = 7 (the same value as for P 0 (f (8) ) and also, by embedding, the preceding one i.e. of the CP 2 field with r = 4). Note that holomorphic solutions are easily found for r = 1, 2, 3.
• For CP 4 (n = 5), we have two new non-holomorphic solutions with r 1 (1, 5) = 10 and r 2 (1, 5) = 12 and the embeddings with r = 4, 7. Of course the holomorphic solutions are obtained for r = 1, 2, 3, 4.
• For CP 5 (n = 6), we have two new non-holomorphic solutions with r 1 (1, 6) = 13 and r 2 (1, 6) = 17 and the embeddings with r = 4, 7, 10, 12. The holomorphic solutions exist for r = 1, 2, 3, 4, 5.
3 Non-holomorphic solutions for G(m, n)
As we have said above there are many non-holomorphic solutions of G(m, n) models. In section 2, we discussed a class of them obtained by applying the P + operator defined in (15). Then if we apply it to a holomorphic vector f 1 several times -we obtain vectors P i + f 1 . In what follows we shall take f 1 = f (n) as the Veronese curve (28). Any pair of these normalized vectors gives a solution of G(2, n), any triple produces a solution of G(3, n) etc.
A generic solution Z of G(m, n), made of m normalized independent vectors taken among the set {f (n) , P + f (n) , . . . , P n−1 + f (n) }, gives rise to a projector P = ZZ † = n−1 i=0 α i P i , where the constants α i take values 0 or 1 and P i acts on f (n) as in (29). We have shown in [7] that, for such a generic solution, the Lagrangian density is given by
This expression can be rewritten in the following more compact form, using the expression M i given in (25), as
In particular, if α 0 = . . . = α m−1 = 1 and α m = . . . = α n−1 = 0, we get easily
which corresponds to a holomorphic solution of the G(m, n) model as discussed in [1] . In order to get constant curvature solutions, we require that
But the M i 's are products of consecutives
For the Veronese sequence with f (n) given by (28), using (31), we get
and so (40) may be rewritten as
Hence, we get a constant curvature solution of our Grassmannian G(m, n) model with
Note that for the holomorphic solution corresponding to (41), we get r h,max (m, n) = m(n − m) as expected (see (8)). Let us mention that due to the property G(m, n) ≃ G(n − m, n) (which is easy to see in the projector formulation), we will consider solutions only for the model G(m, n) (with m = 1, 2, ...[ n m ]) but our construction will also give the solutions for the models with larger m. Thus, in particular, we have already all the solutions of G(n − 1, n) ≃ CP n−1 . In order to make our discussion more intuitive, let us first discuss in detail the G(2, n) model. We, thus, have to distinguish the cases when the two P l + f (n) vectors forming the solution have their corresponding l's differing by 1 or not. The reason for this is simple: the Lagrangian density of the vectors which differ by more than one is purely additive; it is simply a sum of Lagrangian densities of the corresponding CP n−1 . We will then show how this gets modified for larger values of m.
G(2, n)
We take a solution of G(2, n) of the form
where f (n) is the Veronese curve (28) for any integer i, j such that i = j and 0
It is easy to see that the case j > i + 1 leads to:
where Z i is defined in (17), and the constant curvature is given as in (46) with
Next we consider the case of consecutive projectors, i.e. when j = i + 1. The calculation of the Lagrangian density gives
and the constant curvature is given as in (46) with
for 0 ≤ i ≤ n − 2. The holomorphic case (i = 0) is included in formula (50) and reduces to expression (41) with m = 2. Due to the way the set of solutions was constructed, we have a relation [7] between P i + f and P n−1−i + f through complex conjugation. We thus have equivalent solutions
Let us now look at some properties of these expressions for different values of the parameter r. First, due to the relation (52), non equivalent solutions of the type Z 
Indeed, this result follows from
Second, in the set {r i,j (2, n)} that leads to non equivalent solutions, we see that the minimal value of r for non holomorphic solutions of G(2, n), for n > 4, is r 0,n−1 (2, n) = 2(n − 1) > r 0 (2, n) = 2(n − 2).
Moreover, for i = 1, · · · , p − 1 with p = [ n 2 ] and p ≥ 2, we have
Third, we can show that we get distinct non-holomorphic solutions with the same value of r. Indeed, from the definition of the r i,j (2, n), we have, in particular, that
for k = n − 1 − j. Since j is at least equal to 2 and k > j, we get n > 5. For example, for n = 6, we have r 0,2 (2, 6) = r 0,3 (2, 6) = 22. For n = 7, we have r 0,2 (2, 7) = r 0,4 (2, 7) = 28. Moreover, we can have r i (2, n) = r j,k (2, n) for n > 6 and some values of i, j, k. For example, for n = 7, we have r 0,5 (2, 7) = r 2 (2, 7) = 22. Furthermore, as n increases identical values of r appear for a larger number of distinct solutions. Finally, we give the higher bound for the values of r for non-holomorphic solutions of G(2, n). We have
Thus the lowest value of the curvature is given by the appropriately chosen two projectors with i and j differing by 2. Let us add that due to (52), we see that values of r i,j (2, n) for non equivalent solutions are given by
To prove (58), we note from (49) that the maximal value of r is given by the values of i and j which maximise i(n − 1 − i) + j(n − 1 − j). It is clear that the value of i which maximises i(a − i) is given by i = a 2 . As i has to be an integer, this value is reached when n is odd since a = n − 1 is then even. For n even, the maximum value is given by the nearest integer i.e. for i = a±1 2 . As i and j have to satisfy the condition j > i + 1, we have to take j = i + 2 and place i and j as close to n−1 2 as possible. This, as can be easily checked, gives the values mentioned above.
We also have to prove that the values in (58) are higher then the largest value of the r i (2, n) . Indeed, the largest value of r, when n is even, corresponds to i = n−2 2 and then
2 . For n odd the corresponding value is given by r max = n 2 −5 2
where i = n−3
2 . At this stage, we could illustrate these results for some values of n.
• For n = 3, the duality property leads to G(2, 3) ≃ CP 2 .
• For n = 2p + 1 = 5, in the case of consecutive projectors, the symmetry property (52) leads to two non equivalent solutions Z
0,1 , Z
1,2 where Z
0,1 is holomorphic with r 0 (2, 5) = 6 and Z 
G(m, n) for m > 2
The G(3, n) model is strongly related to the G(2, n) and G(1, n) cases. Indeed, we have to distinguish three cases: three isolated projectors, two consecutive projectors and one isolated projector and three consecutive projectors. Explicitly, we have (i < j < k)
for (i, j, k) with j > i + 1 and k > j + 1 (the first case), (i, j, k) = (i, j, j + 1) with j > i + 1 and (i, j, k) = (i, i+1, k) with k > i+2 (the second case) and, finally, (i, j, k) = (i, i+1, i+2) (the third case), for 0 ≤ i ≤ n − 1.
In the first case, we obtain the Lagrangian density
with corresponding r given by
For the second case, we have two possibilities:
and r given by
and
For the third case,
with
Again, we can obtain upper bounds on the value of r. Explicitly, we get for n ≥ 5
This can be easily generalized to the G(m, n) model given the Lagrangian densities of the different solutions for G(k, n) for k < m. Only one case is missing, the case were we have the sum of m consecutive projectors. In this case, the Lagrangian density is given by
with r given by, using formula (44),
We see that for i = 0, we retrieve the values of r corresponding to the holomorphic solution namely r 0,···,m−1 = m(n − m).
In the G(m, n) model with n ≥ 2m − 1, the upper bound of the different values of r is given by:
The proof is similar to the one used in the special case of m = 2. Note that the condition n ≥ 2m−1 is crucial in our analysis. Indeed, in the case n = 2p, it is equivalent to p−m ≥ 0, which ensures the existence of the projector
We thus see that equation (73) gives the upper bounds for the G(m, 2p) models only for the values 1 ≤ m ≤ p, but using the duality property G(m, 2p) ≃ G(2p − m, 2p) we get all of them. The reasoning is similar for the odd case n = 2p + 1. We finish this section with the following comments: Given that G(m, n) ≃ G(n − m, n), we see that, in order to get new results and solutions which are not related to the lower dimensional Grassmannians G(i, n) with i ≤ m−1, we have to impose n−m ≥ m or n ≥ 2m. This means that, for m fixed, the minimal value of n is given by n = 2m.
Moreover, in the case of G(m, 2m), we get a set of 
Constant curvatures for some Grassmannian models
In this section, we summarize the possible values of the constant r(2, n) appearing in the curvature K = 4 r(2,n) for the G(2, n) model with n = 4, 5, 6, 7. The possible values of r(2, n) are listed in the following table. This puts together all the values mentioned in sections 2 and 3. As mentioned above, in the G(2, 6) model, we see that we obtain two non equivalent non-holomorphic solutions Z (6) 02 and Z (6) 03 of the same curvature K = 2 11 . Here are the explicit expressions of these solutions
A similar exercise can be done for the G(3, n) model for n = 6, 7. Indeed, for G(3, 6) we get {r 012 } = {9}, {r 013 , r 014 , r 015 } = {25, 21, 13}, {r 023 , r 034 , r 045 } = {21, 19, 13}, {r 024 , r 025 , r 035 } = {35, 27, 27}
and for the G (3, 7) 
Further Comments and Conclusions
In this paper we have generalised the results of [1] to non-holomorphic immersions of S 2 into Grassmannians. Some of our results coincide with the results obtained some time ago (see the references in [5] ) but at that time the emphasis was on different aspects of this problem. Some of our results are, however, more general and more explicit. Given the mathematical interest in S 2 immersions into Grassmannians [8] we thought it is worthwhile to look at these 'older' expressions and rederive them in a new setting. Moreover, our procedure is simpler and, in a way, more explicit. In particular, it can be used to check with ease whether a given immersion has a constant curvature or not (see our work in [1] ).
In addition, it also shows very clearly how to go further and generalize it to the study of immersions into more general (larger) Grassmannians. This problem is currently under investigation.
Let us finish by mentioning that in this work we can also exploit the following observation. Consider, for example, the solutions of the G(2, n) model and note that we can obtain some of them by the following simple procedure: given two vector fields f ∈ CP k−1 and g ∈ CP l−1 such that k + l = n, one can construct a solution of G(2, n) by taking
where 0 ≤ i ≤ k−1 and 0 ≤ j ≤ l−1. The lagrangian density, as given in (11), corresponding to Z ij can be easily calculated and we get
where Z 
with corresponding constant curvature K = 4 ri(1,k)+rj (1,l) .
